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1 Introduction
Little is known about the general theory of dense subgroups. Yet, given a dense or
nondiscrete embedding of an abstract group Γ in some topological group G, one often
deduces interesting information about Γ or G (see [16, 14, 22, 28, 1, 4, 5, 13]). There
are several standard methods (probabilistic, algebraic and dynamical) to produce
dense free subgroups in a given G (see [11, 4, 5]). It was shown in [6] that a locally
compact group which contains a dense free subgroup of rank two contains a dense
copy of every torsion free surface group of even genus. A natural class of groups
which contains free and surface groups at the bottom levels and which can be built
up from them step by step using geometric constructions is the class of limit groups,
defined by Z. Sela [27] who proved that they share the same universal theory as the
free groups. It seems likely that these groups also share the same topological group
completions as the free groups. In particular:
Conjecture 1.1. A locally compact group G which has a dense F2 admits a dense
copy of every nonabelian limit group.
We do not prove this conjecture in general, but we do prove it in two natural cases,
the compact and the algebraic. More precisely, we show that for every nonabelian
limit group L there is a natural number d(L) ≥ 2 (defined at the end of Section 2)
such that the following hold:
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Theorem 1.2. Suppose that L is a nonabelian limit group and G a compact group
containing a free group F of rank r ≤ d(L). Then G contains a subgroup isomorphic
to L whose closure contains F .
Corollary 1.3. If G is a compact group containing a (dense) free subgroup of rank 2
and L is any nonabelian limit group, then G contains a (dense) subgroup isomorphic
to L.
Theorem 1.4. Let k be a local field of characteristic 0 and let G be an algebraic
group defined over k. If G(k) admits a dense free subgroup of rank r then it contains
a dense copy of any limit group L with d(L) ≥ r.
Since semisimple groups over local fields are topologically two generated (see [21]
or [4, Theorem 2.4] for k = R, or [15] for general k), we deduce:
Corollary 1.5. Let G be a Zariski connected semisimple algebraic group over a local
field k of characteristic 0. Then G(k) admits a dense copy of every nonabelian limit
group.
The case where k = R and G is connected is simpler and was proved in [6].
It follows in particular that every limit group admits a faithful 2-dimensional
representation over any local field k; take G = SL2(k) in Corollary 1.5.
As another application we obtain an elementary proof to the fact that limit
groups are primitive (this could also be deduced from [14, Theorem 1.9] or from [14,
Theorem 1.15] and [10, Theorem 0.3]). Indeed, Abert and Glasner [1] observed that
any dense subgroup of PSL2(Qp) is primitive, since its intersection with PSL2(Zp) is
maximal and has trivial core: PSL2(Zp) is maximal in PSL2(Qp) (cf. [24, Proposition
3.14] and [25]) and has trivial core by simplicity of PSL2(Qp), and since PSL2(Zp) is
open, these properties are bequeathed to intersections with dense subgroups.
Softening the density assumption to nondiscreteness, we prove the analog of Con-
jecture 1.1:
Theorem 1.6. Let G be a locally compact group, and suppose that G admits a
nondiscrete free subgroup. Then G admits a nondiscrete copy of any nonabelian
limit group.
Next we come back to the case of surface groups, dealt with in [6]. Unfortunately,
the proof of the general case in [6] has a mistake. We dedicate Section 8 to correcting
this mistake and to extending the result to surfaces of odd genus:
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Theorem 1.7. Let G be a locally compact group which contains a nondiscrete free
group Fr of rank r > 1. Then for any g ≥ 2r, G has a subgroup containing F
isomorphic to a surface group Σg of genus g. In particular, if G admits a dense copy
of Fr, then it also admits a dense copy of Σg for every g ≥ 2r.
Note that d(Σg) = g, so Theorem 1.7 does not yield Theorems 1.2, 1.4 and 1.6
for surface groups.
Our approach is similar to the one in [6].
Acknowledgment: We would like to express exceptional gratitude to the anony-
mous referee whose corrections, remarks and suggestions lead to improvements in
several parts of the paper. In particular, for exposing a gap in Section 7 of the first
manuscript which required a nontrivial consideration. We feel lucky that our paper
received such dedicated and professional treatment.
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2 Limit groups
Limit groups were first introduced by Zlil Sela [27] in his solution of the Tarski
problem which asserts that any two nonabelian finitely generated (hereafter fg) free
groups have the same elementary theory. Limit groups are exactly the groups which
have the same universal theory as fg free groups (i.e. satisfy the same universal
sentences; sentences of the form ∀x1, . . . , xn, φ(x1, . . . , xn) where φ is quantifier-less).
Limit groups may be characterized in several different ways, besides by their uni-
versal theory. One way, to which limit groups owe their name and Sela’s original def-
inition (which we will not give here, see [27, Section 1]), involves Gromov–Hausdorff
limits of group actions on trees. Instead we give another definition in the flavor of
limits given in [3]:
Definition 2.1. Let G be a fg group and F a free group. A sequence {fi} ⊆
Hom(G,F ) is called stable if
lim sup
i
(ker fi) = lim inf
i
(ker fi),
i.e. if every element g ∈ G is eventually always or eventually never in the kernel.
A fg group L is a limit group if there exists a fg group G and a stable sequence
{fi} ⊆ Hom(G,F ) such that
L = G/ lim
i
ker fi.
Yet another definition is given in [8] where the set of n-generated groups are
topologized in such a way so that limit groups are the closure of free groups in this
topology.
2.1 Residual freeness
It turns out that limit groups have long been studied as fg fully residually free groups :
Definition 2.2. A residually free group is a group G such that for every g ∈ G\{1}
there exists a free group F and a homomorphism f : G→ F so f(g) 6= 1.
Definition 2.3. A fully residually free group is a group G such that for every
g1, . . . , gn ∈ G there exists a free group F and a homomorphism f : G → F so
f(gi) 6= 1 for 1 ≤ i ≤ n.
Remark 2.4. Residually free does not imply fully residual free. For example F2×F2
is clearly residually free, however if w,w′ ∈ F2\{1} then (w, 1), (w′, 1), ([w,w′], 1), (1, w)
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are not separated by any homomorphism into a free group. Indeed, as (1, w) com-
mutes with (w, 1), (w′, 1) any homomorphism must map all three to some cyclic
subgroup, in which case ([w,w′], 1) is mapped to the identity.
Theorem 2.5. ([27], 4.6) A fg group L is a limit group if and only if it is fully
residually free.
Corollary 2.6. A fg subgroup of a limit group is a limit group.
2.2 Constructibility
The last approach, and the one most useful to us, presents limit groups inductively
as certain graphs of simpler limit groups. Several such constructions are known, and
they all rely on certain finiteness properties:
Theorem 2.7. ([27], 4.4) Limit groups are finitely presented.
Theorem 2.8. (Finite Length [27], 5.1) Every sequence of epimorphisms between
limit groups
L1  L2  L3  · · ·
stabilizes, i.e. all homomorphisms are isomorphisms for n large enough.
We now present two constructions from [8]:
Definition 2.9. ([8], 4.10) A simple graph of limit groups over a limit group L, is a
group G which is the fundamental group of a graph of groups such that:
1. Each vertex is fg.
2. Edge homomorphisms are injective and each edge group is a nontrivial abelian
group whose images under both edge morphisms are maximal abelian sub-
groups of the corresponding vertex groups.
3. G is commutative transitive, i.e. ∀g, h, k ∈ G \ 1, [g, h], [h, k] = 1 implies
[g, k] = 1.
4. There is an epimorphism φ : G L which is injective when restricted to each
vertex group.
Theorem 2.10. ([8], 4.15) Every freely indecomposable limit group is a simple graph
of limit groups over a proper quotient (i.e. not injective).
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Next we recall the definition of an HNN extension which appears in 2.12:
Definition 2.11. Let G be a group, C a subgroup of G and α : C → G a homomor-
phism. The HNN extension of G over α is the group
G∗C := 〈G, t | tc = α(c)t〉.
The element t is called the stable element.
The following definition is a special case of 2.9:
Definition 2.12. ([8], 4.4) A generalized double over a limit group L is a group
A ∗C B (or A∗C) such that:
1. Both vertex groups are fg.
2. Edge homomorphisms are injective and C is a nontrivial abelian group whose
image under both embeddings are maximal abelian in the vertex groups.
3. There is an epimorphism φ : G  L which is injective when restricted to the
vertices.
The following theorem is the counterpart of 2.10:
Theorem 2.13. ([8], 4.6 and 4.13) Every freely indecomposable limit group is a
generalized double over a proper quotient.
The next observation shows that any non-free limit group is a generalized double
over a proper quotient:
Observation 2.14. If
L1 ∗A L2 // L′ or L1∗A // L′
is a generalized double then
L1 ∗A (L2 ∗K) ∼= (L1 ∗A L2) ∗K // // L′ ∗K
or respectively
(L1 ∗K)∗A ∼= (L1∗A) ∗K // // L′ ∗K
(with the obvious map) is also generalized double with vertices L1 and L2 ∗K in the
amalgamated product case, or respectively L1∗K in the HNN case. As a consequence,
if a limit group decomposes as a free product L∗K with L L′ a generalized double
quotient for L then the above map L ∗K  L′ ∗K is a generalized double quotient
for L ∗K.
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As a consequence of 2.8, 2.13 and 2.14 we obtain:
Corollary 2.15. Let L be a limit group. There exists a finite sequence
L L1  · · · Ln  F
where each Li  Li+1 is a generalized double and F is a fg free group.
The sequence of generalized doubles should be thought of as a construction of L
from F using generalized doubles.
The number d(L): For a limit group L, we define d(L) to be the maximal possible
rank of a free group F appearing at the end of a generalized double construction
sequence 2.15.
3 A generalization of a lemma of Baumslag
In this section F denotes a free group of finite rank. Recall the following classical
(and very useful) result of Baumslag [2]:
Lemma 3.1 (Baumslag’s lemma). Let a0, a1, . . . , an, n > 0 and z be elements in a
free group F such that [z, ai] 6= 1 for i = 1, . . . , n. Then there exists an integer N
such that for all integers k0, . . . , kn with |ki| ≥ N for i = 0, . . . , n− 1,
a0z
k0a1z
k1a2 · · · zkn−1anzkn 6= 1.
This lemma immediately generalizes to fully residually free groups, and in par-
ticular to limit groups.
The following notion is useful:
Definition 3.2 (Dehn twist). Let Γ be an amalgamated product Γ = A ∗C B or
HNN extension Γ = A∗C with C abelian. For every c ∈ C the Dehn twist associated
to c is the automorphism τc : Γ→ Γ such that in both cases for a ∈ A, τc(a) = a; in
the case of the amalgamated product for b ∈ B, τc(b) = c−1bc; and in the case of the
HNN extension τc(t) = c
−1t where t is the stable element.
As an example of a use of Lemma 3.1 let us show (the well known fact) that a
double of a limit group amalgamated over a maximal abelian subgroup, L ∗C=C L
(where L ∼= L), is a limit group. Let z ∈ C \ {1} and consider the Dehn twist τ
along z. Let f : L ∗C=C L→ L be the folding map. By the Baumslag lemma, f ◦ τn
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is eventually faithful (i.e. stable with trivial stable kernel; see Definition 2.1) hence
the double is fully residually free, i.e. a limit group.
Another useful consequence of Lemma 3.1 is the following. Let Fn+1 be the
free groups on {x1, . . . , xn+1} and let Fn = 〈x1, . . . , xn〉. Pick a ∈ Fn nontrivial
and define τa ∈ Aut(Fn+1) to be the identity on Fn and τa(xn+1) = axn+1a−1.
Let b ∈ Fn be an element not commuting with a and let f : Fn+1 → Fn be the
homomorphism whose restriction to Fn is the identity and f(xn+1) = b. Then the
sequence f ◦ τma : Fn+1 → Fn is eventually faithful. This is summarized as follows:
Corollary 3.3. Let A be a maximal cyclic subgroup of Fn. Then
f : Fn+1 ∼= Fn ∗A (A ∗ 〈xn+1〉)→ Fn
is a generalized double over Fn (where f(xn+1) = b /∈ A) and for every nontrivial
a ∈ A the sequence f ◦ τma is eventually faithful.
One can formulate many useful variants of Lemma 3.1, for instance:
Corollary 3.4. Let a, b be noncommuting elements in a free group F , let l1, . . . , lm ∈
Z \ {0}, m > 0 and let w0, w1, . . . , wm be arbitrary elements in F \ {1}. Then for all
sufficiently large k,
wmb
−kalmbkwm−1 · · ·w1b−kal1bkw0 6= 1.
Proof. Without loss of generality assume that b is the generator of the cyclic group
CF (b). Hence if wi commutes with b, it has the form b
ti for some ti 6= 0, and we can,
for every such i < m, replace in the above expression ali+1bkwib
−kali by (ali+1btiali).
This gives a, perhaps shorter, expression whose terms are b±k and elements not com-
muting with b, alternately, wm being the only possible exception, and this expression
starts with wmb
−k . . .. By Lemma 3.1 it is nontrivial for all large k.
We will need a more general version of Lemma 3.1 that will allow us to deal with
graphs of groups with more than one edge.
Lemma 3.5 (A generalized Baumslag’s lemma). Let z1, . . . , zl, u1, . . . , um ∈ F be
elements satisfying
• [ui, zj] 6= 1 for 1 ≤ i ≤ m, 1 ≤ j ≤ l, and
• [uizju−1i , zk] 6= 1 for 0 ≤ i ≤ m (where u0 = 1), 1 ≤ j, k ≤ l, j 6= k.
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Then there is an integer N ∈ N such that every
g = wn · · ·w1,
where
• wi = uji , ji ∈ {0, . . . ,m} for every odd i ≤ n,
• wi = ztiki , ki ∈ {1, . . . , l}, ti ∈ Z for every even i < n,
• wi0 = u0 for i0 odd⇒ n ≥ 2, and if additionally n > i0 > 1 then zki0−1 6= zki0+1,
is nontrivial provided |ti| ≥ N, ∀ even i ≤ n.
Let T be the Cayley graph of F with respect to a set of free generators. Denote
by ∂T the ideal boundary of T , i.e. the topological space whose underlying set is that
of rays rα in T up to the equivalence relation rα ∼ rβ if they eventually coincide. A
basis for the topology of ∂T is given by the subsets {r ∈ ∂T : e ∈ r} for all oriented
edges e ∈ T . ∂T is a compact, Hausdorff and totally disconnected space on which F
acts by homeomorphisms. Every nonidentity element a ∈ F acts hyperbolically on
T and hence has an axis, denoted axis(a) with endpoints a+, a− ∈ ∂T .
Lemma 3.6. [a, b] 6= 1 iff axis(a) ∩ axis(b) is finite.
Proof. Suppose axis(a) ∩ axis(b) is infinite. Then it contains a ray. In particular
for x in the intersection and some integers n, k (depending on the displacement of
a and b) we have akx = bnx which yields [ak, bn] · x = 1. Since F acts freely on T ,
[ak, bn] = 1, and the result follows since F is commutative transitive.
Conversely, if axis(a)∩axis(b) is finite, for n > |axis(a)∩axis(b)|, an and bn satisfy
the Schottky condition (the condition of the ping-pong lemma, see [18, Chapter II.B.]
or [1]) and hence 〈an, bn〉 ∼= F2.
Note that |axis(a) ∩ axis(b)| <∞ ⇐⇒ {a+, a−} ∩ {b+, b−} = ∅.
Proof of Lemma 3.5. Since the case n = 1 is trivial, assume that n ≥ 2. We also
exclude the simple special case where n ≤ 3 and w1 = 1. We use a ping-pong
type argument. The commutator assumptions and Lemma 3.6 imply that all the
boundary points {
z±j : 1 ≤ j ≤ l
}
are distinct, and that for every 1 ≤ i ≤ m,{
ui · z±j : 1 ≤ j ≤ l
} ∩ {z±j : 1 ≤ j ≤ l} = ∅.
9
z
′
j
zi
z−
′
j
V i
V −
′
j
un · z′j
V 
′
j,n
V 
′
j
z
′t
j · V i
un · V ′j
Let, for each i, V ±i,j be separating open neighborhoods of the ends ui · z±j , i = 1, . . . , l
respectively, which do not contain any of the z±k in their closures. Then let V
±
j be
open neighborhoods of the z±j , disjoint from all the V
±
i,k, such that ui · V j ⊆ V i,j for
1 ≤ i ≤ m,  = ± (see Figure above). Let N ∈ N be such that for t ≥ N we have
ztj · (∂T\V −j ) ⊆ V j for all j = 1, . . . , l (where we agree that −− is + and −+ is −).
Assume |t1|, . . . , |tn| ≥ N .
Let us say that two points in ∂T are close if they belong to one of the sets V j or
V i,j and far if they belong to two different V

j . Since, for a fixed i the V

j , V

i,j, j =
1, . . . , l,  = ±, are pairwise disjoint, two points cannot be simultaneously close and
far.
For k = 1, . . . , n denote gk = wk · · ·w1 and follow the orbits of, say, z+1 and z−1
under g1, g2, . . . , gn. One derives from the assumptions that g2 · z+1 and g2 · z−1 are
already close and that the orbits stay close ever after, unless w1 = 1, w2 = z
±
1 in
which case n ≥ 4 and the orbits become and stay close from the fourth step (or
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alternatively one can look at z±2 in this case). In particular gn · z+1 and gn · z−1 are
close. Since z+1 and z
−
1 are far, this implies that g = gn is nontrivial.
Corollary 3.7. It follows from the proof that it is actually enough to require only
that [uizju
−1
i , zk] 6= 1 and [ui, zj] 6= 1 for 1 ≤ k ≤ l, j 6= k whenever the subword uizj
appears in g.
As before, Lemma 3.5 is also true for limit groups.
Remark 3.8. Our argument provides in particular an elementary proof of the orig-
inal Baumslag lemma. One can obtain an even more general result by the same
reasoning, but the formulation we gave is sufficient for our use in later sections.
4 A strategy for embedding limit groups
The proofs of Theorems 1.2 and 1.4 are by induction on the length of the diagram
given in Corollary 2.15. Let G be a group containing a subgroup L and let L′ =
A ∗C B ϕ−→ L (or L′ = A∗C ϕ−→ L with stable element t) be a generalized double over
L. Then for every g ∈ CG(ϕ(C)), where CG(ϕ(C)) is the centralizer of ϕ(C) in G,
the rule
a 7→ ϕ(a), b 7→ gϕ(b)g−1, resp. a 7→ ϕ(a), t 7→ ϕ(t)g
defines a homomorphism hg : L
′ → G. As a straightforward consequence of the Baire
category theorem we have:
Lemma 4.1. Let G be a topological group and L ≤ G a subgroup. Let L′ = A∗CB ϕ−→
L (or L′ = A∗C ϕ−→ L) be a generalized double over L where L′ is countable. Suppose
that CG(ϕ(C)) admits a subset K which is a Baire space with respect to the induced
topology such that
• L ⊂ 〈hk(L′)〉, ∀k ∈ K;
• {k ∈ K : hk(l) = 1} is nowhere dense in K for any l ∈ L′ \ {1}.
Then there exists an embedding h : L′ ↪→ G such that h|A = ϕ|A and h(L′) ⊇ L.
In the next two sections we will apply the following abstract proposition:
Proposition 4.2. Let G be a locally compact group with the property that for any
dense limit subgroup L ≤ G and a generalized double L′ = A ∗C B ϕ−→ L (or L′ =
A∗C ϕ−→ L) over L, there is a subset K ⊂ CG(ϕ(C)) such that the conditions of
Lemma 4.1 are satisfied. If G admits a dense free subgroup of rank r then it admits
a dense copy of every limit group L satisfying d(L) ≥ r.
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Proof. Let Fr be a dense free subgroup of rank r in G. By the definition of d(L) there
exists a generalized double construction sequence (Corollary 2.15) for L ending with
a free group Fs of rank s ≥ r. In view of Corollary 3.3 Fs can be constructed from Fr
by a sequence of generalized doubles of length s− r. Thus L admits a constructive
sequence ending with Fr. Lemma 4.1 allows us to move up the sequence inductively
and show that there exists a dense embedding of L ↪→ G.
The following will be used:
Lemma 4.3. Let G be a topological group and c ∈ G an element generating a
nondiscrete cyclic semigroup. Then {cn : n ≥ N} = 〈c〉 for every N ∈ N.
Proof. Denote C = 〈c〉 and CN = {cn : n ≥ N}. It is enough to show 1 ∈ CN since
the accumulation points of this set are invariant under translations by elements from
the group 〈c〉. By nondiscreteness CN has some accumulation point b; let cni → b.
By the above remark, c−nib ∈ CN , hence 1 = lim ic−nib ∈ CN .
Let us now prove a simple special case of Proposition 8.1:
Lemma 4.4. Let F be a free group of rank n ≥ 1, and let f : F ↪→ G be an embedding
of F in a locally compact group. Suppose that F admits an element a such that the
cyclic semigroup 〈f(a)〉 is nondiscrete. Then there exists an embedding F ∗ 〈z〉 ↪→ G
of the free group Fn+1 ∼= F ∗ 〈z〉 of rank n+ 1 whose restriction to F is f .
Proof. Taking K = 〈f(a)〉 in Lemma 4.1, the result follows immediately from Corol-
lary 3.3 and Lemma 4.3.
5 Embedding in compact groups
We will now give a proof of Theorem 1.2.
Let G be a compact group, L ≤ G a nondiscrete limit subgroup, and L′ =
A ∗C B ϕ−→ L (or L′ = A∗C ϕ−→ L) a generalized double over L. Replacing G by the
closure of L we may assume that L is dense. By [8] 4.12, there exists c ∈ C such
that the sequence of associated Dehn twists precomposed with ϕ, ϕ ◦ τnc : L′ → L
is eventually faithful. Let c = ϕ(c) and let K be the closure of the cyclic group
generated by c. In view of Proposition 4.2 it is sufficient to show that K satisfies the
conditions of Lemma 4.1.
By the choice of c, for each l ∈ L′ \ {1} there is Nl ∈ N such that
n ≥ Nl ⇒ hcn(l) = ϕ(τnc (l)) 6= 1.
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Hence by Lemma 4.3 the closed set {k ∈ K : hk(l) = 1} is nowhere dense in K, so
the second requirement of Lemma 4.1 is satisfied.
It is left to check the first requirement of Lemma 4.1. Let k be an element of K.
Then hk(a) = ϕ(a), ∀a ∈ A. Therefore, it is enough to show that in the amalgamated
product case, hk(B) ⊇ ϕ(B), because in that case L is generated by ϕ(A) and ϕ(B).
Now, hk|B is simply ϕ|B followed by conjugation with k. Let ni ∈ N be integers so
that cni → k (Lemma 4.3), and let b ∈ B and b := ϕ (b). Then
hk
(
c−nibcni
)
= kϕ(c−nibcni)k−1 = (kc−ni)ϕ(b)(cnik−1) i−→ ϕ(b),
hence ϕ(b) ∈ hk (B) for all b ∈ B. This completes the proof of Theorem 1.2.
We end this section with an immediate consequence which is a special case of
Theorem 1.6:
Corollary 5.1. Let G be a locally compact totally disconnected topological group
containing a nondiscrete nonabelian free subgroup F . Then G contains a nondiscrete
copy of every nonabelian limit group.
Proof. Let O be an open compact subgroup of G, and choose two noncommuting
elements a, b ∈ F ∩ O. Then 〈a, b〉 is a free group whose closure H is compact. By
Theorem 1.2 every nonabelian limit group L admits a faithful (dense) embedding in
H.
6 Embedding in algebraic groups over local fields
In this section we explain the proof of Theorem 1.4. Let k be a local field of charac-
teristic 0, G a k algebraic group and G = G(k) the group of rational points. As in
the previous section, given a dense limit subgroup L ≤ G, and a generalized double
L′ = A ∗C B ϕ−→ L (or L′ = A∗C ϕ−→ L) over L, we have to find the Baire set K ⊂ G
which satisfies the conditions of Lemma 4.1. In view of Proposition 4.2 this will
finish the proof.
Suppose first that k is nonarchimedean, i.e. a finite extension of Qp for some
rational prime p. Let C˜ be the Zariski identity component of the Zariski closure of
ϕ(C) in G, i.e. C˜ = (ϕ(C)
z
)◦ ∩G(k). Then C˜ is a Zariski connected p-adic algebraic
group containing ϕ(C). By [24, Lemma 3.2] any p-adic open subset of C˜ is Zariski
dense in C˜. Moreover, G is a p-adic analytic group, hence the Frattini subgroup of
some open compact subgroup of G is open (see [12, Proposition 1.14, Theorem 5.2
and Theorem 8.32]). It follows that, for every m ∈ N, the set of m-tuples generating
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dense subgroups is open in Gm (see [5, Section 5.2] for details). As L′ is finitely
generated, the set
{f ∈ Hom(L′, G) : f(L′) is dense in G}
is open in Hom(L′, G) (cf. [6, Section 5]). (Recall that the canonical topology on
Hom(L′, G) can be described (noncanonically) by fixing a finite generating set Σ for
L′, identifying Hom(L′, G) with the corresponding closed subset of G|Σ| and taking
the induced topology.)
Let {a1, . . . , an} and {b1, . . . , bm} be finite generating sets for A andB respectively
(B = ∅ in the HNN case), and denote αi = ϕ(ai) and βj = ϕ(bj). Set K to be
a sufficiently small open compact subgroup of C˜ so that 〈ϕ(αi), kϕ(βi)k−1 : i ≤
n, j ≤ m〉 is dense in G for any k ∈ K. The first condition of Lemma 4.1 is then
automatically satisfied. Note that by definition K ⊂ C˜ ≤ CG(ϕ(C)).
By [8] 4.12 there is c ∈ C such that hϕ(cn) is eventually faithful, and we can
certainly assume that c belongs to the subgroup ϕ−1(C˜), the later being of finite
index in C. Thus given γ ∈ L′ \ {1} the algebraic set {c˜ ∈ C˜ : hc˜(γ) = 1} is proper
and since K is open and Zariski dense in C˜ and C˜ is p-adic analytic, it intersects
K in a nowhere dense subsets (cf. [24, Lemma 3.2]). Thus the second condition of
Lemma 4.1 is also satisfied.
Suppose now that k is archimedean. This time, define C˜ as the Hausdorff
identity component of the Zariski closure of ϕ(C) in G. Then, since C˜ ≤ G◦,
hc˜(L′)G◦ = G ∀c˜ ∈ C˜, where G◦ denotes the Hausdorff identity component of G.
Note that by Whitney’s theorem [19, Theorem 3.6] C˜ is of finite index in ϕ(C)
z
.
Let L′ be the finite index subgroup ϕ−1(G◦) of L′. As follows for instance from
the analysis given in [6, Section 6], the set of representations of L′ (or of any fg
group) in G◦ with dense image is open in Hom(L′, G◦) if G◦ is topologically perfect
(see [6, Corollary 6.2]), and in general it is an open set minus a countable union of
nowhere dense closed subsets which are furthermore proper algebraic (see [6, Lemma
6.4]) (in [6] it is only indicated that these sets are analytic, but their explicit de-
scription is clearly algebraic). Moreover, the map c˜ 7→ hc˜ from C˜ to Hom(L′, G◦) is
obviously analytic (and even algebraic) where the analytic and the algebraic struc-
tures on Hom(L′, G◦) are, as the topological structure, canonically induced from the
corresponding structures on G. It follows that the set
K := {c˜ ∈ C˜ : hc˜(L′) = G◦}
is also an open subset possibly minus a countable union of proper algebraic subsets.
Hence K is a Baire space. By definition K satisfies the first condition of Lemma 4.1
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and since it is Zariski dense in C˜ it also satisfies the second condition (because, as
above, we have that hc˜n is eventually faithful for some c˜ ∈ C˜).
7 The proof of Theorem 1.6
We start with a simple variant of Theorem 1.4:
Lemma 7.1. Let S be a connected semisimple Lie group and Γ a nonabelian limit
group. Then S admits a dense copy of Γ which projects faithfully to Ad(S).
Proof. We argue as in the previous sections. That is, given a dense limit subgroup
L ≤ S which projects faithfully to Ad(S), and a generalized double L′ = A ∗C B ϕ−→
L (or L′ = A∗C ϕ−→ L) over L, we show that L′ can be embedded densely in S
intersecting trivially with Z(S).
First pick c in C such that the powers of the Dehn twist induced by c precomposed
by the map L′ → L are eventually faithful. We then use the fact that Ad(S), being
center free and semisimple, is algebraic and take A◦ ≤ Ad(S) to be the Hausdorff
identity component of the Zariski closure A of the cyclic group generated by the image
of c in Ad(S). By Whitney’s theorem A has finitely many connected components,
hence up to replacing c by some finite power we may assume that its image in Ad(S)
belongs to A◦. Since A◦ is finite dimensional abelian and connected its associated
exponential map is onto, in particular, the image of c lies in a 1-parameter subgroup
{x(t)}t, which can be lifted uniquely to a 1-parameter subgroup {x(t)}t ≤ S. Now
for any c′ ∈ C the commutator [x(t), c′] is a continuous path through 1 lying in
the discrete center of S, hence constant, i.e. {x(t)}t ⊂ CS(ϕ(C)). This allows us
to define a map hx(t) : L
′ → S for every t ∈ R, as in the previous sections. For
every γ ∈ L′ \ {1}, the map t 7→ Ad(hx(t)(γ)) is analytic, and by the choice of c is
not trivial for some t, hence nontrivial generically. Moreover since the set of dense
representations is open in Hom(L′, S), for all sufficiently small t, hx(t)(L′) is dense in
S, and the result follows by a Baire category argument.
As an alternative proof, since S is connected, one can apply the argument given
in [6, proof of Theorem 1.5], noting that the requirement that the image of every
nontrivial γ ∈ L′ lies out of the center of S, translates to an elimination of countably
many additional ”nowhere dense conditions”.
Our next step is:
Proposition 7.2. Let H be a locally compact group which admits a compact normal
subgroup O such that H/O is a connected nonsolvable Lie group. Let R be the solvable
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radical of H/O, and R˜ its pre-image in H. Then H admits a copy of every nonabelian
limit group, which projects densely and faithfully to H/R˜.
We will rely on several structural result for locally compact groups:
Lemma 7.3. ([29] end of 4.6) Let H be a locally compact group and O a compact
normal subgroup such that H/O is a Lie group. Let {x(t)}t be a 1-parameter subgroup
of H/O. Then {x(t)}t can be lifted along the projection H → H/O to a 1-parameter
subgroup {x(t)}t in H.
Lemma 7.4. ([6] 4.2) Let H be a locally compact group and O a compact normal
subgroup such that H/O is a connected Lie group. Then H = ZH(O)O.
Using Lemma 7.3, we can sharpen Lemma 7.4 as follows:
Corollary 7.5. Under the assumptions of Lemma 7.4, H = ZH(O)
◦O.
We will also make use of the following classical:
Theorem 7.6. ([20, page 137]) Let G be a connected locally compact group. Then
G admits a descending sequence of compact normal subgroups Ni with trivial inter-
section such that G/Ni is a Lie group for every i.
Note that if K CG is any compact normal co-Lie subgroup, one may replace Ni
by K ∩ Ni and get such a sequence inside K. The normality and compactness of
K ∩ Ni is obvious. Furthermore, since K ∩ Ni is compact G/K ∩ Ni is isomorphic
to a closed connected subgroup of the Lie group G/K × G/Ni, hence is also a Lie
group.
Proof of Proposition 7.2. In view of Corollary 7.5 we may replace H by Z◦H(O) and
assume that H is connected and O is central. Let S be a semisimple Levi factor of
the connected Lie group H/O, then H/O = SnR◦ is an almost semidirect product,
and by the assumption S is nontrivial.
By Theorem 7.6 O admits a descending chain of compact subgroups Oi with
trivial intersection, such that H/Oi is a Lie group for every i. Set O0 = O, and
denote by pii : H → H/Oi, i ≥ 0 the corresponding projections, as well as, abusing
notations, the projections H/Oj → H/Oi when Oj ≤ Oi. Since, for j > i, the
Lie algebra Lie(H/Oj) is a central extension of Lie(H/Oi), we can chose the Levi
subgroups Si ≤ H/Oi so that Sj covers Si whenever j > i. Let S˜ be the universal
covering group of S, and denote by fi : S˜ → Si the covering maps. Note that then
for j > i, fi = pii ◦ fj.
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Let Γ be a nonabelian limit group. By Lemma 7.1, S˜ admits a dense copy of Γ,
which we will also denote by Γ, that projects faithfully to AdS(S) = AdS˜(S˜). For
γ ∈ Γ define
φ(γ) = ∩∞i=0pi−1i (fi(γ)).
Note that for γ ∈ Γ and j > i,
pi−1j (fj(γ)) ⊂ pi−1j (fj(γ))Oi = pi−1i (fi(γ)),
and since ∩∞i=0Oi = {1}, φ(γ) is a singleton. Since for each i, pi−1i (fi(Γ)) is a group,
also the intersection ∩∞i=0pi−1i (fi(Γ)) is a group. Moreover, since pi0 ◦ φ = f0|Γ and
f0|Γ is injective, we deduce that φ : Γ→ H is injective as well as a homomorphism,
indeed
φ = (pi0|φ(Γ))−1 ◦ f0|Γ.
By construction, φ(Γ) projects densely and faithfully to Ad(S) ∼= H/R˜.
We are now able to complete the proof of Theorem 1.6. First recall another
classical fact about locally compact groups:
Theorem 7.7. ([29], 4.5) Let G be a locally compact group. There exists an open
subgroup H ≤ G and a compact subgroup O, normal in H, such that H/O is a
connected Lie group.
Suppose now that G is a locally compact group containing a nondiscrete non-
abelian free subgroup F . Replacing G by the closure of F , we may assume F is
dense, and replacing G further by an open subgroup, we may assume that G/O is a
connected Lie group for some compact normal subgroup O CG. If G/O is solvable,
then F ∩ O, being a nontrivial normal subgroup of F , is a nonabelian free group,
and as O is compact, it is nondiscrete. Hence Theorem 1.6 follows, in this case, from
Theorem 1.2. Suppose therefore that G/O is nonsolvable. Then by Proposition 7.2
there is a faithful homomorphism f : Γ → G such that f(Γ)R˜ is dense in G, where
R˜ is the pre-image in G of the solvable radical of G/O. But then, as R˜ is amenable,
and G/R˜, being connected, has no nontrivial open subgroups, it follows from the
generalized Auslander’s theorem [5, Theorem 1.13] that f(Γ) is not discrete.
Remark 7.8. In the proof of Proposition 7.2, one can actually produce a locally
faithful homomorphism from S˜ to H whose image covers all the Si’s, and whose
closure is isomorphic to the inverse limit of the Si’s. In this way one obtains directly a
nondiscrete imbedding of Γ in H without using the generalized Auslander’s theorem.
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8 Dense embeddings of surface groups
This section has two purposes. One is to correct a mistake from [6]. The problem
there is at the bottom of pg. 1380 where the map ρβ is ill defined; its image is
not contained in H/K but rather in the coset space G/K. The second is to prove
Theorem 1.7, extending the main result from [6] to general oriented surfaces, not
necessarily of even genus.
8.1 Adding an independent element to a dense subgroup
The proof of Theorem 1.7 relies on the possibility of enlarging an independent set
of group elements, assuming it generates a nondiscrete subgroup. The following
proposition generalizes Lemma 4.4. The proof of this fact given in [6] is inaccurate.
Proposition 8.1. Let G be a locally compact group and let x1, . . . , xk ⊆ G be in-
dependent elements which generate a (rank k free) group F which is not discrete in
G. Let U ⊆ G be an identity neighborhood. Then there exists xk+1 ∈ U such that
x1, . . . , xk+1 are still independent.
For the proof of Theorem 1.7 we shall need to choose xk+1 more carefully; the
possibility to do so will follow from the proof and is summarized in Corollary 8.3.
Proof. Let F ′ be an abstract free group of rank k+1, freely generated by {y1, . . . , yk+1}.
We consider the homomorphisms F ′ → G which send yi 7→ xi for i ≤ k and yk+1 7→ g
for various choices of g ∈ G and show that we may find a g which yields an embed-
ding. Remember that the identity component G◦ is closed, hence a locally compact,
normal subgroup of G. We treat the following three cases separately:
Case I F ∩ G◦ = {1}. First assume G◦ = {1}, i.e. that G is totally disconnected,
and let K ≤ G be a compact open subgroup. Since F is nondiscrete, it intersects K
nontrivially, and hence admits a nondiscrete cyclic subgroup, so the result follows in
this case from Lemma 4.4.
When G is not totally disconnected F injects (since F ∩ G◦ = {1}) via the
natural quotient into the totally disconnected group G/G◦ and as above we may find
a faithful map F ′ → G/G◦. Any lifting of the image of yk+1 from G/G◦ to G yields
a faithful embedding F ′ → G and completes the proof of the proposition in case I.
Note that in this case although xk+1 does not lie in a compact subgroup of G it can
be chosen to map to a compact subgroup in G/G◦.
In the next two cases we assume F ∩G◦ 6= {1}, whence it follows that F intersects
every identity neighborhood of G◦: since F is not discrete in G and G◦ is normal,
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for f ∈ F ∩G◦ we may choose g ∈ F so that [g, f ] is nontrivial and arbitrarily close
to the identity.
It follows from Theorem 7.7 that there exists a compact normal subgroups N C
G◦ such that G◦/N is a Lie group.
Case II There is a compact subgroup N C G◦, co-Lie, such that F ∩ N 6= {1}: as
in the first part of Case I we may find xk+1 ∈ N arbitrarily close to the identity.
Case III F ∩ G◦ 6= {1} but F trivially intersects every compact normal co-Lie
subgroup N C G◦. Since G◦ is normal in G, for each f ∈ F the conjugation by f is
an automorphism of G◦, hence G◦/N f is also a Lie group.
Given a nontrivial reduced word w in k + 1 letters, we aim to show that the set
Ow := {g ∈ G◦ : w(x1, . . . , xk, g) 6= 1}
is open dense in G◦. Let w˜ be the (continuous) map w˜ : G◦ → G defined by
w˜(g) = w(x1, . . . , xk, g).
Breaking up w appropriately there exist words wj = wj(y1, . . . , yk) and lj ∈ Z \ {0}
such that
w(y1, . . . , yk, yk+1) = wmy
lm
k+1wm−1 · · ·w1yl1k+1w0.
For i ≤ m, denote
hi = wi(x1, . . . , xk)wi−1(x1, . . . , xk) · · ·w0(x1, . . . , xk).
Then
w˜(g) = w˜(1)Πmi=1(g
lm−i+1)h
−1
m−i .
Since G◦ C G, for g ∈ G◦ we have ∏mi=1(glm−i+1)h−1m−i ∈ G◦. Hence
∀g ∈ G◦, w˜(1) ∈ G◦ ⇐⇒ w˜(g) ∈ G◦.
If w˜(1) /∈ G◦ then ∀g ∈ G, w˜(g) /∈ G◦ and in particular Ow = G◦ which is open
dense in G◦.
Assume w˜(1) ∈ G◦. Then w˜ : G◦ → G◦ is well defined. Fix a compact normal co-Lie
subgroup N CG◦.
Lemma 8.2. There exists a compact normal subgroup Nw C G◦ such that:
• G◦/Nw is a Lie group.
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• For g, h ∈ G◦ gNw = hNw =⇒ w(g)N = w(h)N .
• The induced map w : G◦/Nw → G◦/N is analytic.
Proof. Set Nw =
⋂m
i=0N
hi . Clearly Nw is a compact normal subgroup of G
◦. Con-
sider the map G◦ → ∏mi=0 G◦/Nhi , g 7→ (gNhi)mi=1. Since the kernel Nw is compact
the image is closed. Because the target group
∏m
i=0G
◦/Nhi is a Lie group, it follows
that G◦/Nw is a Lie group (recall that a topological group is a Lie group iff it is
isomorphic to a Lie group in which case the analytic structure is uniquely defined,
see [29, Lemma 4.7.1] or [9, Theorem 5.3.2]).
Let n ∈ Nw and g ∈ G◦. Since Nw is normal in G◦, for i = 0, . . . ,m there exists
n′i ∈ Nw such that (gn)li = glin′i. As Nw ⊆ Nhi we have
w˜(gn)N = w˜(1)
1∏
i=m
((gn)li)h
−1
i−1N = w˜(1)
1∏
m
(
(gli)h
−1
i−1n′
h−1i−1
i N
)
= w˜(1)
1∏
m
(gli)h
−1
i−1N = w˜(g)N.
It remains to show that the induced map w is analytic: For each i, the map
gNw 7→ gh−1i N is a well-defined continuous homomorphism between Lie groups, hence
analytic. Therefore
w(gNw) = w˜(g)N = w˜(1)
1∏
i=m
(
gh
−1
i−1N
)li
is analytic being the multiplication of analytic functions. This completes the proof
of Lemma 8.2.
We now complete the proof of Proposition 8.1. By assumption, there exists
a ∈ F ∩ G◦. Pick i such that a, axi do not commute. By Corollary 3.4 for l ∈ Z
large enough, w˜((axi)−la(axi)l) 6= 1. Since F ∩ N = 1, F ∩ G◦ injects into G◦/N
so w((axi)−na(axi)n) 6= 1. Since w : G◦/Nw → G◦/N is analytic it follows that
(G◦/Nw) \ w−1(1) is open dense and so is its preimage in G◦ (the quotient map is
open). Finally note that this pre-image is contained in Ow.
Thus we have shown that for every nontrivial word w in k + 1 variables, the set
Ow is open dense in G◦, hence by Baire’s category theorem we conclude that⋂
w∈F ′
Ow
is dense in G◦, and in particular nonempty. For every g ∈ ⋂w∈F ′ Ow the map
ρg : Fk+1 → G defined by ρg(yi) = xi for 1 ≤ i ≤ k and ρg(yk+1) = g is faithful
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and setting xk+1 := g completes the proof of the proposition in this case. Moreover
since the intersection is nondiscrete we may choose xk+1 ∈ G◦ arbitrarily close to the
identity.
The following consequence of the proof will be useful to us:
Corollary 8.3. Suppose that W is a word in k+1 letters such that W (y1, . . . , yk, 1) =
1 for y1, . . . , yk independent. Then, given G and x1, . . . , xk as in the statement of the
proposition, we can chose xk+1 independent to {x1, . . . , xk}, such that:
• In Case I, 〈x1, . . . , xk+1〉 ∩ G◦ = {1}, and W (x1, . . . , xk, xk+1) ∈ H, where H
is an open subgroup of G which is compact modulo G◦.
• In Case II, W (x1, . . . , xk+1) belongs to the compact normal subgroup N of G◦.
• In Case III, W (x1, . . . , xk+1)N is contained in a 1-parameter subgroup of
G◦/N .
Modulo Proposition 8.1 and Corollary 8.3 the proof given in [6, Theorem 1.2] for
Theorem 1.7 for surfaces of even genus is correct, or more precisely can easily be
corrected arguing similarly to Paragraph 8.3 below. We will therefore concentrate
below on the case of odd genus surfaces. Note that every orientable surface covers an
orientable surface of even genus, hence the existence of odd genus embedding follows
from the even genus. Our main issue is dealing with the density question.
8.2 An eventually faithful sequence from Γ2r+1 → F2r+1
Let Γ = Γ2r+1 be the fundamental group of the closed orientable surface of genus
2r + 1 (r ≥ 1). We have the presentation
Γ = 〈a1, a′1, . . . , ar, a′r, b, b′, c1, c′1, . . . , cr, c′r | [a1, a′1] · · · [ar, a′r][b′, b][c′1, c1] · · · [c′r, cr]〉.
We shall produce a specific eventually faithful sequence of homomorphisms from
Γ to a fixed free group to be used in the proof of Theorem 1.7.
Denote
α = [a1, a
′
1] · · · [ar, a′r]b′ and β = b′ (cf. Figure 1).
Define automorphisms σ, τ : Γ → Γ to be the Dehn twists (see Definition 3.2)
around the boldface loops in Figure 1. These can be thought of in terms of the effect
of the topological twist on the fundamental group. Or algebraically, as the Dehn
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twist around α and β with respect to appropriate HNN splittings of Γ. We give an
explicit description as well,
σ(ai) = ai τ(ai) = ai
σ(a′i) = a
′
i τ(a
′
i) = a
′
i
σ(b′) = b′ τ(b′) = b′
σ(b) = αb τ(b) = bβ−1
σ(ci) = αciα
−1 τ(ci) = ci
σ(c′i) = αc
′
iα
−1 τ(c′i) = c
′
i.
Note that σ and τ commute.
Let F2r+1 be an abstract free group with free generators {x1, x′1, . . . , xr, x′r, y′}
and let f : Γ → F2r+1 be the map defined by f(ai) = f(ci) = xi, f(a′i) = f(c′i) =
x′i, f(b) = 1, f(b
′) = y′; this map is induced by the topological folding map of the
surface across α and β, when viewing F2r+1 as the fundamental group of the half
surface with two boundary components.
Denote
δ = σ ◦ τ, fn = f ◦ δn and y := f(α) = [x1, x′1] · · · [xr, x′r]y′.
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Lemma 8.4. The sequence fn is eventually faithful.
Proof. We use Lemma 3.5. For any x ∈ F2r+1 we have [xyx−1, y′], [xy′x−1, y] 6= 1.
To see this, note that both y and y′ are primitive and y is not conjugate to y′±1
(because the image of y in F2r+1/〈〈y′〉〉 is not trivial). It follows that y and y′ fulfill
the conditions required of the zi’s in Lemma 3.5 for any choice of ui’s ∈ F2r+1 which
do not belong to either of the cyclic groups 〈y〉, 〈y′〉.
We now proceed to decompose fn(g) into a product of ui’s and zj’s as in Lemma
3.5. Let g ∈ Γ \ {1}. Write g as a word in ai, a′i, b, b′, ci, c′i (this is not unique) and
break it into subwords
g = bkl+1w′lb
kl · · · bk1w′0bk0 , ki ∈ Z
where either w′i = w
′
i(aj, a
′
j, b
′) (i.e. a word in aj, a′j, b
′) or w′i = w
′
i(cj, c
′
j), and if
ki = 0 then w
′
i−1 and w
′
i cannot be written as words of the same type; i.e. for every
i, w′i is realizable by a loop contained in a half surface and no two adjacent w
′
i’s are
realizable by loops in the same half surface. We then obtain a decomposition for
δn(g):
δn(g) =
(
αnbβ−n
)kl+1 αlnw′lα−ln (αnbβ−n)kl · · · (αnbβ−n)k1 α0nw′0α−0n (αnbβ−n)k0
where j ∈ {0, 1} depending on whether w′j is in the upper half surface or not. The
intermediate words between the w′i’s are of the form
α−jn(αnbβ−n)kjαj−1n
and kj = 0 implies that j−1 and j are different (since w′i and w
′
i−1 lie in opposite
half surfaces). In either case
f
(
α−j−1n(αnbβ−n)kjαjn
)
= y−j−1n(yny′−n)kjyjn 6= 1.
Next, we reduce the decomposition of δn(g) by combining powers of α that arise
from w′i(ai, a
′
i, b
′)’s with adjacent ones arising from the twists; and similarly for β.
Mapping to F2r+1 we obtain a decomposition
fn(g) = sm+1um · · ·u1s1u0s0
where:
• ui is the image of one of the w′j’s. It is a fixed word not depending on n, which
is non trivial since f |half surface is injective. These play the role of ui’s in Lemma
3.5.
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• si is an alternating product of y±n+c’s and y′±n+c’s which is the image of the
intermediate words (mentioned above) combined with adjacent fixed powers
coming from the w′j’s. For n large enough these are non trivial.
As mentioned, y and y′ play the role of the zj’s in Lemma 3.5. By virtue of our
decomposition ui is a (fixed) power of y only if it is adjacent to nontrivial powers
of y′ on both sides; and vice versa. Thus ui /∈ C(〈zj〉) whenever they are neighbors
in fn(g) and the conditions of Lemma 3.5 (cf. Corollary 3.7) are satisfied, and we
conclude that for large n the element fn(g) 6= 1 and thus fn is an eventually faithful
sequence.
8.3 The proof of Theorem 1.7
Consider Γ2r+1 with the presentation
〈a1, a′1, . . . , ar, a′r, b, b′, c1, c′1, . . . , c1, c′r | [a1, a′1] · · · [ar, a′r][b′, b][c′1, c1] · · · [c′r, cr]〉
as in Section 8.2.
Let G be a locally compact group and x1, . . . , xr independent elements generat-
ing a dense subgroup. By Proposition 8.1 we may find {x′1, . . . , x′r, y′} ⊆ G which
together with the x1, . . . , xr are independent. Denote y = [x1, x
′
1] · · · [xr, x′r]y′ and let
ZG×G(y, y′) be the centralizer of (y, y′) in G × G. For each (g, h) ∈ ZG×G(y, y′) we
have
[x1, x
′
1] · · · [xr, x′r][y′, gh−1]g[x′1, x1] · · · [x′r, xr]g−1 =
= ygh−1y′−1hg−1gy′y−1g−1
= 1.
Hence we may define a homomorphism ρ(g,h) : Γ→ G by setting:
• ρ(g,h)(ai) = xi, ρ(g,h)(a′i) = x′i, ∀1 ≤ i ≤ r.
• ρ(g,h)(b) = gh−1, ρ(g,h)(b′) = y′.
• ρ(g,h)(ci) = gxig−1, ρ(g,h)(c′i) = gx′ig−1, ∀1 ≤ i ≤ r
Since ρ(y,y′) is simply the Dehn twist map f ◦ δ of Section 8.2, by Lemma 8.4,
ρ(yn,y′n) is an eventually faithful sequence.
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The space ZG×G(y, y′) parametrizes homomorphisms Γ → G whose image con-
tains F . Moreover, it contains the eventually faithful sequence ρ(yn,y′n). We need to
find a point corresponding to a faithful embedding. We will treat the three cases
specified in Section 8.1 (cf. Corollary 8.3) separately.
Case I: Here we assume that the free group 〈x1, . . . , xr〉 injects to G/G◦. By Corol-
lary 8.3 we may choose the new independent elements x′1, . . . , x
′
r, y
′ so that y, y′ ∈ H
for some open subgroup H ≤ G which is compact modulo G◦.
First assume G is totally disconnected so H is compact, hence so is 〈(y, y′)〉, and
we may argue, as in the proof of Theorem 1.2, that the set of elements in 〈(y, y′)〉
which do not induce a faithful embedding is of first Baire category.
WhenG is not totally disconnected we cannot assume that (y, y′) lies in a compact
group. However we can still argue as follows: by Theorem 7.7 we may assume that H
admits a compact normal subgroup K /H such that H/K is a connected Lie group.
We now consider K ×K which is compact and normal in H ×H and note that
the quotient is connected and Lie. Thus by Corollary 7.5
H ×H = (ZH×H(K ×K))◦K ×K.
It follows that there exist (yz, y
′
z) ∈ (ZH×H(K×K))◦ ⊆ G◦×G◦ and (yk, y′k) ∈ K×K
such that
(y, y′) = (yk, y′k)(yz, y
′
z).
Note that [(yk, y
′
k), (y, y
′)] = 1 so that (ynk , y
′n
k ) all yield homomorphisms. Since
〈x1, ...xr, x′1, ..., x′r, y′〉 ∩G◦ = {1} the sequence of homomorphisms corresponding to
(yn, y′n) is eventually faithful also mod G◦. Because (y, y′) = (yk, y′k)modG
◦ × G◦
this sequence coincides, mod G◦ × G◦, with the one corresponding to (ynk , y′nk ). It
follows that the latter sequence ρ(ynk ,ynk ) is eventually faithful. Since (yk, y
′
k) generates
a group with compact closure, we finish as above.
Case II: By Corollary 8.3 we may choose x′1, . . . , x
′
r, y
′ ∈ N for some N C G◦
compact and normal. It then follows that y belongs to the compact subgroup N ′ :=
Nx1NNx2N · · ·NxrN ≤ G◦ and so (y, y′) belongs to the compact N ′ × N . We
conclude as in Case I.
Case III: Here N C G◦, G◦/N is a Lie group, 〈x1, . . . , xr, x′1, . . . , x′r, y′〉 intersects
N trivially and 〈x′1, . . . , x′r, y′〉 ⊆ G◦, hence y ∈ G◦. By Corollary 8.3 the elements
x′i and y
′ may be chosen close enough to the identity so that the projection of (y, y′)
into the Lie group (G◦ ×G◦)/(N ×N) is contained in a 1-parameter subgroup.
Consider Z◦ := (ZG◦×G◦(y, y′))◦. This is a closed connected subgroup of G◦×G◦.
For every compact normal subgroup N ′ C G◦ × G◦ such that G◦ × G◦/N ′ is a Lie
group, the image of Z◦ is a closed, hence Lie, subgroup isomorphic to Z◦/Z◦ ∩N ′.
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Let γ ∈ Γ \ {1}. We wish to show that Oγ := {(g, h) ∈ Z◦ : ρ(g,h)(γ) 6= 1} is
open dense in Z◦. We may write γ = w(ai, a′i, b, b
′, ci, c′i). For (g, h) ∈ Z◦ define the
evaluation map
w˙(g, h) := w(xi, x
′
i, gh
−1, gxig−1, gh−1, gx′ig
−1) = ρ(g,h)(γ) ∈ G.
As in the proof of Proposition 8.1,
∀(g, h) ∈ Z◦, w˙(1, 1) ∈ G◦ ⇐⇒ w˙(g, h) ∈ G◦.
Therefore if w˙(1, 1) /∈ G◦ then Oγ = Z◦ is open dense. Assume w˙(1, 1) ∈ G◦, so that
w induces a continuous map w˙ : Z◦ → G◦. As in Lemma 8.2 there exists Nw C G◦
contained in N such that G◦/Nw is a Lie group and so that w˙ factors through the
canonical projections to an analytic map
Z◦
w˙ //
pi

G◦
pi

Z◦
(Nw×Nw)∩Z◦
w˜ // G◦
N
Let {x(t)}t be the 1-parameter subgroup in G◦×G◦/N×N with x(1) = (y, y′)N×N .
Since, by Lemma 7.4
G◦ ×G◦
N ×N
∼= ZG◦×G◦(N ×N)
(N ×N) ∩ ZG◦×G◦(N ×N)
we may view {x(t)}t as a 1-parameter subgroup of the right-hand side. There
exists a lifting of {x(t)}t to a 1-parameter subgroup, {xw(t)}t, of the Lie group
ZG◦×G◦ (N×N)
ZG◦×G◦ (N×N)∩(Nw×Nw) .
By Lemma 7.3 we may now proceed to lift {xw(t)}t to a 1-parameter subgroup
{x(t)}t of ZG◦×G◦(N ×N). Since x(t) = x(t)N ×N
(y, y′)N ×N = x(1) = x(1)N ×N
and hence (y, y′) = x(1)(n, n′) for some (n, n′) ∈ N × N . For all t, x(t) commutes
with x(1) and with N ×N , hence with (y, y′), and so x(t) ⊆ Z◦.
For l ∈ Z we have x(l) = (yl, y′l)(h, h′) for some (h, h′) ∈ Nw × Nw, hence
ρx(l)(γ)N = ρ(yl,y′l)(γ)N . Since ρ(yl,y′l) is eventually faithful and its image does not
intersect N it follows that for γ 6= 1 and for integral l 0 we have
w(x(l)) = ρx(l)(γ)N = ρ(yl,y′l)N 6= 1.
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Finally w˜ is analytic and not constantly trivial hence
Z◦
Z◦ ∩Nw ×Nw \ w˜
−1(1)
is open dense and so is its preimage Oγ ⊆ Z◦. By the Baire category theorem⋂
γ∈ΓOγ is nonempty, and any (g0, h0) in this intersection gives rise to a faithful map
ρ(g0,h0) : Γ→ G whose image contains F , hence is dense.
References
[1] M. Abert, Y. Glasner, Generic groups acting on regular trees, to appear in
Trans. AMS.
[2] G. Baumslag, On generalised free products, Mathematische Zeitschrift, 78,
(1962), 423–438.
[3] M. Bestvina, M. Feign, Notes on Sela’s work: Limit groups and Makanin-
Razborov diagrams, preprint.
[4] E. Breuillard, T. Gelander, On dense free subgroups of Lie groups, J. Algebra
261 (2003), no. 2, 448–467.
[5] E. Breuillard, T. Gelander, A topological Tits alternative, Ann. of Math. (2)
166 (2007), no. 2, 427–474.
[6] E. Breuillard, T. Gelander, J. Souto, P. Storm, Dense embeddings of surface
groups, Geometry and Topology, 10 (2006) 1373–1389.
[7] M. Bridson, A. Haefliger, Metric spaces of non-positive curvature, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences], 319. Springer-Verlag, Berlin, 1999. xxii+643 pp.
[8] C. Champetier, V. Guirardel, Limit groups as limits of free groups, Israel J.
Math, 146 (2005), 1–75.
[9] L. Conlon, Differentiable Manifolds, Second edition, Birkhauser, 2001.
[10] F. Dahmani, Combination of convergence groups, Geom. Topol. 7 (2003), 933–
963.
27
[11] J.D. Dixon, L. Pyber, A. Seress, A. Shalev, Residual properties of free groups
and probabilistic methods, J. Reine Angew. Math. 556 (2003), p.159-172.
[12] J. Dixon, M. du Sautoy, A. Mann, D. Segal, Analytic pro-p Groups, London
Math. Soc. Lect. Note. Ser. 157, (1991).
[13] T. Gelander, On deformations of Fn in compact Lie groups, Israel J. Math. 167
(2008), 15–26.
[14] T. Gelander, Y. Glasner, Countable primitive groups, Geom. Funct. Anal. 17
(2008), no. 5, 1479–1523.
[15] T. Gelander, Y. Minsky, The dynamics of Aut(Fn) on the redundant part of the
character variety, in preparation.
[16] T. Gelander, A. Z˙uk, Dependence of Kazhdan constants on generating subsets,
Israel J. Math. 129 (2002), 93–98.
[17] Glus˜kov, V. M. The structure of locally compact groups and Hilbert’s fifth
problem, Amer. Math. Soc. Transl. (2) 15 1960 55–93.
[18] P. de la Harpe, Topics in geometric group theory, Chicago Lectures in Mathe-
matics, Univ. of Chicago Press, 2000.
[19] E. Hewitt, K.A. Ross, Abstract harmonic analysis, Vol. I: Structure of topo-
logical groups. Integration theory, group representations. Die Grundlehren der
mathematischen Wissenschaften, Bd. 115 Academic Press, Inc., Publishers, New
York; Springer-Verlag, 1963 viii+519 pp.
[20] I. Kaplansky, Lie Algebras and Locally Compact Groups, Chicago Lectures in
Mathematics, Univ. of Chicago Press, 1971.
[21] Kuranishi, M. On everywhere dense embedding of free groups in Lie groups,
Nagoya Math. J 2 (1951), 63-71.
[22] G. Margulis, Some remarks on invariant means, Monatshafte fu¨r Mathematik,
90 (1980), 233-235.
[23] G. Margulis, Discrete Subgroups of Semisimple Lie Groups, Springer, 1991.
[24] V. Platonov, A. Rapinchuk, Algebraic Groups and Number Theory, Academic
Press, 1994.
28
[25] G. Prasad, Elementary proof of a theorem of Bruhat–Tits–Rousseau and of a
theorem of Tits. Bull. Soc. Math. France 110 (1982), no. 2, 197–202.
[26] M. S. Raghunathan, Discrete subgroups of Lie groups, Springer, 1972.
[27] Z. Sela, Diophantine geometry over groups. I. Makanin-Razborov diagrams,
Publ. Math. Inst. Hautes E´tudes Sci. No. 93 (2001), 31–105.
[28] D. Sullivan, For n > 3 there is only one finitely additive rotationally invariant
measure on the n-sphere on all Lebesgue measurable sets, Bull. AMS 4 (1981),
121-123.
[29] D. Montgomery, L. Zippin, Topological transformation groups. Reprint of the
1955 original. Robert E. Krieger Publishing Co., Huntington, N.Y., 1974. xi+289
pp.
29
